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Introduction 



In the paper Q, Lazarsfeld and Mustafa propose general and systematic usage of Ok- 
ounkov's idea in order to study asymptotic behavior of linear series on an algebraic variety. 
It is a very simple way, but it yields a lot of consequences, like Fujita's approximation the- 
orem. Yuan |8| generalized this way to the arithmetic situation, and he established the 
arithmetic Fujita's approximation theorem, which was also proved by Chen |j2l indepen- 
dently. In this paper, we introduce arithmetic linear series and give a general way to esti- 
mate them based on Yuan's idea. As an application, we consider an arithmetic analogue of 
the algebraic restricted volumes. 

Arithmetic linear series. Let X be a d-dimensional projective arithmetic variety and L 
a continuous hermitian invertible sheaf on X. Let i^T be a symmetric convex lattice in 
ijO(X, L) with 

K C S3up(I) := {s e H\X,L)t, \ ||s||,up < 1}, 
that is, K satisfies the following properties (for details, see Subsection lL2l i: 

(1) K = {x & {K)z I 3m G Z>o mx Em* K}, where {K)z, is the Z-submodule 
generated by K and m* K = {xi + ■ ■ ■ + Xm \ xi, . . . ,Xm & K}. 

(2) -x€ K for all x€ K. _ 

(3) K CH°{X,L)nBsup{L). 

We call K an arithmetic linear series of L. In the case where K — Bsup{L) n H'^{X, L), 
it is said to be complete. One of main results of this paper is a uniform estimation of the 
number of the arithmetic linear series in terms of the number of valuation vectors. 

Theorem A. Let v be the valuation attached to a good flag over a prime p {see Subsec- 
tion \\.A\f or the definition of a good flag over a prime). Then we have 



|#i/(i^\{0})logp-log#(i^)| 

< ( log {ApMK).) + -(L)+lo^{2pMK).) J 



where a{L) is given by 



a{L) := _ inf 



deg(ci(^)'^-i.?i(L)) 



A: ample deg{A^ ) 

An ideal for the proof of the above theorem is essentially same as one of Yuan's paper 
|[8], in which he treated only the complete arithmetic linear series in my sense. A new point 
is the usage of convex lattices, that is, a general observation for arithmetic linear series. By 
this consideration, we obtain several advantages in applications. For example, we have the 



Date: 4/February/2009, 8:30(JP), (Version 1.0/3). 

1 



2 



ATSUSHI MORIWAKI 



following theorem, which is a stronger version of lH Theorem 3.3]. The arithmetic Fujita's 
approximation theorem is an immediate consequence of it. 

Theorem B. Let L be a big continuous hermitian invertible sheaf on X. For any positive 
e, there is a positive integer uq — uq (e) such that, for all n > hq, 

. , log#CL(X4,„) ^ Q(L) 
l™int -r—. > e, 

where Vk^ = {si ® ■ ■ • ® Sfe e H°{X, knL) \ si, . . . , Sfe G H^iX, riL)} and CL(Vfc^„) 
is the convex lattice hull ofVk^n, that is, 

CL(14,„) = {x e (T4,«)z C H^{X, knL) | 3m e Z>o mx^m* Vk,n} 

(cf. for details, see Subsection \l.2\l . 

Arithmetic analogue of restricted volume. For further applications, let us consider an 
arithmetic analogue of the restricted volume. Let F be a d' -dimensional arithmetic sub- 
variety of X, that is, Y is an integral subscheme of X such that Y is flat over Spcc(Z). 
Let L be a continuous hermitian invertible sheaf on X. We denote Imagc(i/°(X, L) — > 
H°{Y, L\y)) by H^{X\Y, L). Let || • Wf^J^^^^t be the the quotient norm oiH°(X\Y, L)®z 
M induced by the surjective homomorphism 

i) ®z K ^ H°{X\Y, L) ®z K 

and the norm || • ||sup on H^{X, L) ®z K. We define HI^^^{X\Y,'L) and ^\^^ot{X\Y,'L) 
to be 



Hl^,,{X\Y, L) := [s e H\X\Y^ L) \ \\s\\f^l^^^, < l} and 
volquot (-'^ I i^, L) := lim sup ■ 



log I r,mL) 



Note that Hq^ot {X\Y,L) is an arithmetic hnear series of L | ^ . A continuous hermitian in- 
vertible sheaf L is said to be Y -effective if there is s € H^{X, L) with s|y ^ 0. Moreover, 
L is said to be Y-big if there are a positive integer n, an ample C°° -hermitian invertible 
sheaf A and a y-effective continuous hermitian invertible sheaf M such that nL = A + AL. 
The semigroup consisting of isomorphism classes of F-big continuous hermitian invertible 
sheaves is denoted by Big{X; Y). Then we have the following theorem, which is a gener- 
ahzation of lH] and [|8] Theorem 2.7 and Theorem B]. 

Theorem C. (1) If L is a Y-big continuous hermitian invertible sheaf on X, then 
volquot {X\Y,T) > and 

n /vivT^ r i"g#g°uot(^|y,^'X) 

volquot {X\Y,L) = hrn^ -^^^ . 

In particular, volquot(^|^7 nL) — n'^ volquot(^|^! L). 
(2) volquot (^1^1 ''^ concave on Big(X; Y), that is, 

Qquot {X\Y,L + M)^ > Qquot +TOlquot {X\Y,M)^ . 

holds for any Y-big continuous hermitian invertible sheaves L and M on X. 
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(3) If L is a Y-big continuous hermitian invertible sheaf on X, then, for any positive 
number e, there is a positive integer uq — r7,o(e) such that, for all n > hq, 

log#CL ({si(^---®Sfe I si,...,Sfc eiJO (X|r,nl)} 



lim inf 

fc^oo n" fc" 

^ TOVot(x|y,i) 
d'l ^' 

where the convex lattice hull is considered in H'^{X\Y, knL). 
(4) If XiQ is smooth over Q and A is an ample C°° -hermitian invertible sheaf on X, 
then 

wVot {X\Y,^ =^\iY,A\y) 

log # Iniage(i70(X, mA) -> H°(X\Y, mA)) 
= lim , „, . 

Let C^{X) be the set of real valued continuous functions / on X{C) such that / is 
invariant under the complex conjugation map on X{<C). We denote the group of iso- 
morphism classes of continuous hermitian invertible sheaves on X by Pic(X; C°). Let 
O : C°(X) Pk;(X; C°) be the homomorphism given by 

0{f) = {Ox,cM-f)\-\can). 

PicR(X; C°) is defined to be 

Pk;(X; CO) ® M 



PicE(X;C°) := ,^ _ 



Let 7 : Pic(X; C") PicR(X; C") be the natural homomorphism given by the composi- 
tion of homomorphisms 

fic{X- C°) ^ Prc(X; C°) ® E ^ PrcK(X; C^). 

Let BigR(X;y) be the cone in VicK{X;C^) generated by {7(L) | L e Big(X;y)}. 
Note that 'Q\g^{X\Y) is an open set in ViCfi{X\C^) in the strong topology, that is, 
Big][j(X; F) n is an open set in W in the usual topology for any finite dimensional 
vector subspace W of PicR(X; C°). The next theorem guarantees that 

TOVot(^|>^,-) :Bii(X;r)^M 

extends to a continuous function vo\^^^^^{X\Y,—) : Bigjj(X;F) — > R, which can be 
considered as a partial generalization of [6J and [iTJ. 

Theorem D. There is a unique positive valued continuous function 

Qq,„t(X|r,-):BigK(X;y)^M 
with the following properties: 
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(1) The following diagram is commutative: 

TOlquot(X|y,-) 




BigH(X;y) 



(2) vol — )<!' is positively homogeneous and concave on ^\gi^{X;Y), that 



I voy„t(x|r, \x)^ = AvoV,„t(x|r, x)- ^ 

IvoCot (X|r, a; + y)^ > {X\Y, x)^ + to^^^ y)^ 

hold for all A G M>o ant^ x,y & Big^(X; y). 
Acknowledgements. I would like to thank Prof. Yuan for communications. 



Conventions and terminology. We fix several conventions and terminology of this paper. 

1 . Let M be a Z-module, and let A be a sub-semigroup of A, that is, a; + y G A holds for 
all x,y € A. If Q ^ A, then A is called a sub-monoid of Af . The saturation Sat(^) of A 
in M is defined by 

Sat (A) := {x ^ M \ nx ^ A for some positive integer n}. 

It is easy to see that Sat(A) is a sub-semigroup of M. \f A ~ Sat(A), then A is said to be 
saturated . 



2. Let K be either Q or R, and let y be a vector space over K. A subset C of V is called 
a convex set in V if tx + (1 — t)y G C for all x,y ^ C and t G K with < i < 1. For a 
subset 5 of V, it is easy to see that the subset 

{tiSi + • • • + trSr I Si, . . . , S,. G S*, ti, . . . , G IK>o, ti + ■ ■ ■ + = 1} 

is a convex set. It is called the convex hull by S and is denoted by ConvK(5). Note that 
ConvK(S') is the smallest convex set containing 5. A function / : C ^ R on a convex set 
C is said to be concave over K if f{tx + (1 — t)y) > tf{x) + (1 — t)f{y) holds for any 
X, ?; G C and t G K with < t < 1. 

3. Let K and V be the same as in the above |2] A subset C of F is called a cone in V if 
the following conditions are satisfied: 

(a) X + y £ C for any x, y £ C. 

(b) Ax G C for any x E C and A G K>o. 

Note that a cone is a sub-semigroup of V. Let 5* be a subset of V. The smallest cone 
containing S, that is, 

{Aifli + ■ ■ ■ + Xrttr \ ai, . . . ,ar & S, Ai, . . . , Aj. G K>o} 

is denoted by ConeKCS*). It is called the cone generated by S. 
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4. Let K and V be the same as in the above |2] The strong topology on V means that a 
subset U of y is open set in this topology if and only if, for any finite dimensional vector 
subspace T4^ of y over K,Ur)Wis open in W in the usual topology. 

It is easy to see that a linear map of vector spaces over K is continuous in the strong 
topology. Moreover, a surjective linear map of vector spaces over K is an open map in 
the strong topology. In fact, let / : F — > y be a surjective homomorphism of vector 
spaces over K, U an open set of V, and W' a finite dimensional vector subspace of V' 
over K. Then we can find a vector subspace of y over K such that / induces the 
isomorphism /|^ : W —> W. If we set U = UteKci(/)(^ + ^^^^ ^ open and 
f(W nU) = W' n f{U),iis required. 

Let V' be a vector subspace of V over K. Then the induced topology of V' from 

ycoincides with the strong topology of V. Indeed, let U' be an open set of V' in the strong 

f 

topology. We can easily construct a linear map f : V ^ V such that V' ^ V — > V 
is the identity map. Thus f^^{U') is an open set in V, and hence U' = f^^{U')\y, is an 
open set in the induced topology. 

5. A closed integral subscheme of an arithmetic variety is called an arithmetic subvariety 
if it is flat over Spec(Z). 

6. Let X be an arithmetic variety. We denote the group of isomorphism classes of contin- 
uous hermitian (resp. C°°-hermitian) invertible sheaves by Pic(X; C°) (resp. Pic(X; C°°)) 
Pic(X; C°°) is often denoted by Pic(X) for simplicity. An element of PicQ(X; C'^) := 
fic{X; C°) (g)z Q (resp. Pk;Q(X; C°°) Pic{X; C°°) ®j, Q) is called a continuous 
hermitian (resp. C°° -hermitian) Q-invertible sheaf. 

7. A C°°-hermitian invertible sheaf A on a projective arithmetic variety X is said to be 
ample if A is ample on X, the first Chern form ci{A) is positive on X{C) and, for a 
sufficiently large integer n, {X, nA) is generated by the set 

{s^H\X,nA) I ||s||,„p < 1} 

as a Z-module. Note that, for A,L <E Pic{X; C°°), if A is ample, then there is a positive 
integer m such that mA + L is ample. 

8. Let L be a continuous hermitian invertible sheaf on a projective arithmetic variety X. 
Then B^upiL) is defined to be 

Bsnp(L) = {se H\X,L)k I ||s||,up < 1}. 

Note that L) = H°{X, L) n Bsnp(L). 

9. Let yl be a noetherian integral domain and t ^ A^ . As n„>o ~ i^}' for a G 
A \ {0}, we can define ordtA{a) to be 

oidtA{a) = max{ri G Z>o | a E t"^A}. 

Let {0} Po £ A £ • • • £ ^'d be a chain of prime ideals of A. Let Ai = A/ Pi for 
i = 0, . . . , d, and let pi : Ai^i Ai be natural homomorphisms as follows. 

A^Ao^A.^-.-'-^A^.^^A,. 
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We assume that Pd is a maximal ideal, and that PiAi-i = Kcr{pi) is a principal ideal of 
Ai-i for every i ^ 1, . . . ,d, that is, there is ti E Ai-i with PiAi-i = tiAi-i. For a ^ 0, 
the valuation vector (z^i(a), . . . , i'd(a)) of a is defined in the following way: 

ai a and 1^1(0) ordfj^o(ai). 

If ai € Ao,a2 E Ai, . . . ,ai G Ai^i and 1^1(0), ... , iyi{a) E Z>o are given, then 

fli+i := Pi (flit^''' and 1/^+1(0) ordt,_^^ a, (oi+i). 

Note that the valuation vector {i'i{a), 1/^(0)) does not depend on the choice of ti, . . . , i^;. 
Let X be a noetherian integral scheme and 

a chain of integral subschemes of X. We say Y. a flag if Yd consists of a closed point y 
and Yi+i is locally principal at y in Yi for alH = 0, . . . , d — 1. Let A — Ox,y and Pi the 
defining prime ideal of Yi in A. Then we have a chain -Pq 5 ^'i £ ■ • • £ of prime ideals 
as above, so that we obtain the valuation vector {i/i{a), . . . , z^rf(a)) for each a e ^\ {0}. It 
is called the valuation vector attached to the flag Y. and is denoted by lyy. (a) or i^{a). Let 
L be an invertible sheaf on X and oj a local basis of L at y. Then, for each s E H'^{X, L), 
we can find as E A with s — QsOJ- Then i/y. (os) is denoted by (s). Note that z/y (s) 
does not depend on the choice of uj. 

1. Preliminaries 

1.1. Open cones. Let K be either Q or M, and let y be a vector space over K. A cone in 
V is said to be open if it is an open set in V in the strong topology (see Conventions and 
terminology!!!. 

Proposition 1.1.1. Let C be a cone in V. Then we have the following: 

(1) C is open if and only if for any a E C and x E V, there is 5q E K>o such that 
a + 5i)X E C. 

(2) Let f : V V be a surjective homomorphism of vector spaces over K. 

(2.1) IfC is open in V, then f{C) is also open in V' . 

(2.2) IfC + Ker(/) C C, then f-\f{C)) = C. 

Proof. (1) If C is open, then the condition in (1) is obviously satisfied. Conversely we 
assume that, for any a E C and x eV, there is E K>o such that a + 5qx E C. First let 
see the following claim: 

Claim 1.1.1.1. For any a E C and x E V, there is Sq E K>o such that a + Sx E C holds 
for allS eK with \5\ < Sq. 

By our assumption, there are 61,62 E K>o such that a + Six, a + 62{—x) E C. For 
6 E K with -62 < S < Si, if we set A = (5 + Si)/{Si + S2), then < A < 1 and 
6 = XSi + il- A) (-(52). Thus 

A(6 + Six) + (1 - A)(6 + 62{-x)) =b + 6xEC. 

Therefore, if we put 60 = min{(5i, 62}, then the assertion of the claim follows. □ 

Let be a finite dimensional vector subspace of V over K and a E W O C. Let 
ei, . . . , e„ be a basis of W. Then, by the above claim, there is 60 E K>o such that 
a/n + 6ei E C holds for all i and all (5 G K with \6\ < 60. We set 

U = {Xiei H h XnBn \ \xi\<So,.-., \x„\ < Sq}. 
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It is sufficient to see that a -\- U C Indeed, if x — xic\ -I- • • • + Xn^n ^ Uj then 

n 

a + X = ^^(a/n + XiCi) G C. 

i=l 

(2) (2.1) follows from the fact that / is an open map (cf. Conventions and terminol- 
ogyBl. Clearly f^HfiC)) 3 C. Conversely let x e f-\f{C)). Then there are a e C 
with/(a;) = ,f{a). Thus we can find u G Ker(/) suchthatx— a = u because /(a;— a) = 0. 
Hence 

X ^ a + ue C + Ker(/) C C. 

m 

To proceed with further arguments, we need the following two lemmas. 

Lemma 1.1.2. Let S and T be subsets ofV. Then 

CouerXS + T) C ConeK(S') + ConeK(T), 

where S + T = {s + t\ s^S, t (z T}. Moreover, if at ^ T holds for all t £ T and 
a G Z>o, then Gone^{S + T) = ConeK(5') + ConeK(T). 

Proof. The first assertion is obvious. Let x G ConcK(S') + ConeK(r). Then there are 
si, . . . , Sr G S, ti, . . . ,tr' G T, Xi, . . . , Xr G K>o and ^i, . . . ,fir' G K>o such that 
X — XiSi + • • • + XrSr + /ii^i + • • • + fir'tr'- We choosc a positive integer N with 
A^Ai > Hi + ■ ■ ■ + i-ir'- Then 

Al - ^fl±_±i^^ + 0) + A2(S2 + 0) + • • ■ + XriSr + 0) 

+ (Mi/iV)(si + Nti) + ■■■ + {fir'/N){si + Ntr') G ConeK(5 + T) 
because 0, TVii,..., iVir' gT. ■ 

Lemma 1.1.3. Let P be a vector space over Q, xi , . . . , a;^ G P, &i , . . . , 6m G Q and A a 
(r X m)-matrix whose entries belong to Q. Let Ai, . . . , A^ G K>o with (Ai, . . . , Xr)A = 
(&!,..., 6m). If X := AiXi + • • • + XrXr G P, then there are A'j^, . . . , A^ G Q>o such that 
X = X'lXi + • • • + X'^.Xr and {X'l, . . . , AJ,)^ = (6i, . . . , 6„i). Moreover, if Xi 's are positive, 
then we can choose positive X[ 's. 

Proof If Aj = 0, then 

x = ^XjXj and (Ai, . . . , Ai_i, A^+i, . . . , Ar)A' = (6i, . . . , 6^), 

where A' is the (r — 1) x n-matrix obtained by deleting the i-th row from A. Thus we 
may assume that Ai > for all i. Let ei, . . . , e„ be a basis of (xi, . . . , Xr, x)q. We set 
Xi = J2j CyOj and x = J2j djSj {cij G Q, dj G Q). Then dj = ^iC-ij- Let C = (cy ) 
and we consider linear maps /q : Q*" ^ Qwi+n ^^d /r : M'' — > E™+" given by 

/q(si, . . . , Sr) = (si,...,Sr)(A, C) and f^{ti, . . . ,tr) = (ii, . . . , tr)(A, C). 

Then/K(Ai,...,Ar) = (6i, . . . , 6™, rfi, . . . , c;„), that is, 

(6i,...,6m,di,...,d„)G/M(r)nQ'"+". 

Note that fs,{W) n Q™+" = /q(QO because 

Q'"+7/q(Q'') ^ (Q'"+7/q(Q'')) ®qK 
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is injective and 

(Q™+7/q(Q'')) ®q k = ®Q ^)/{hm ®Q IR) = m™+7/k(r^). 

Therefore there is (ei, ...,6^)6 Q'' with fq{ei, . . . , e^) = (5i, . . . , di, . . . , (i„), and 
hence 

fq^ih, ...,bm,di,...,dn)^ /q^(0) + (ei, . . . ,6^), 
...,bm,di,...,dn) = /r^O) + (ei, . . .,er). 
In particular, /q^&i, . . . . . . ,d„) is dense in /r ^(61, . . . , 6™, di, . . . Thus, 

as (Ai,...,Ar) e /R^(6i,...,6m,di,...,d„)l^IR>0'We have 

/Qi(6i,...,5„,di,...,d„)nM;o^0: 
that is, we can find {\[,...,X'^) e Q>o with /q(A'i, . . . , AJ.) = (5i, . . . , rfi, . . . , (i„). 
Hence 

a; = AiXi + \- X'j,Xr and (A'^, . . . , Aj,)^ = (61, . . . , 6™)- 

■ 

Next we consider the following proposition. 

Proposition 1.1.4. Let P be a vector space over Q and V ^ P §5q M. Let C be a cone in 
P. Then we have the following: 

(1) ConeK(C) nP = C. 

(2) If C is open, then ConeK(C) is also open. 

(3) IfD is a cone in P with E D, then ConeR(C + D) = ConeR(C) + ConeR(D). 

Proof (1) Cle arly C C ConeR(C) n P. We assume that x G ConeR(C) n P. Then, by 
Lemma [1.1. 31 there are o^i, . . . , cj^ G C and Ai, . . . , A^ S Q>o with x = XiuJi + • • • + 
XrOJr, which means that x = XiUJi + • • • + XrUJr <= C. 

(2) First let us see the following: for a E C and x E P, there is 60 E Q>o such that 
a + Sx E ConeR(C) for all (5 G M with \d\ < 60. Indeed, by our assumption, there is 
6a G Q>o such that a±Sox E C. For 5 e R with \6\ < Sq, if we set X = {S + 6q)/2Sq, 
thenO < A < land (5 = X5o + {1-X){-Sq). Thusb+Sx = X{b+Sox) + {l-X)ib-Sox) E 
ConeR(C). 

By (1) in Proposition II. 1.11 it is sufficient to see that, for a' E ConeR(C) and x' E V, 
there is a positive S' E ]R.>o with a' + 5'x' E ConeR(C). We set a' — AiOi + • • • + A,.ar 
(ai, . . . , Or E C, Ai, . . . , Ar E M>o) and x' = fiixi + • • • + ^„a;„ (xi, . . . ,Xn E P, 
^i, . . . , S IR)- We choose X E Q such that < A < Ai. By the above claim, there is 
So e Q>o such that (A/n)ai + Sxj E ConcR(C) for all j and all (5 e M with \S\ < Sq. We 
choose S' E M>o such that ^ for all j. Then 

n 

a' + S'x = (Ai — A)ai + XiUi + ^^((A/ri)ai + S' HjXj) E ConeR(C), 
i>2 j=i 

as required. 

(3) follows from Lemma [1.1.2l ■ 

Let M be a Z-module and A a sub-semigroup of M. A is said to be open if, for any 
a E A and x E M, there is a positive integer n such that na + x E A. For example, 
let X be a projective arithmetic variety and Amp(X) the sub-semigroup of Pic(X; C°°) 
consisting of ample C°°-hermitian invertible sheaves on X. Then Amp(X) is open as a 
sub-semigroup of Pic(X; C°°) (cf. Conventions and terminology |7]l. 
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Proposition 1.1.5. Let l : M ^ M ®z Q be the natural homomorphism, and let A be 
sub-semigroups of M. Then we have the following. 

(1) ConeQ(t(A)) = {{l/n)b{a) \ n G Z>o, a € A}. 

(2) Sat(A) — (ConeQ(t(A)) (see Conventions and terminology\l\for the satura- 
tion Sat (A) of A in M). 

(3) If A is open, then ConeQ(t(A)) is an open set in M ®i Q. 

(4) If B is a sub-monoid of AI , then 

ConeQ(t(A + B)) = ConeQ(t(A)) + Coneq{i{B)). 

(5) Let f : A be a function on A. If there is a positive real number e such that 
f{na) = rf^ f{a) for all n G Z>o and a G A, then there is a unique function 
f : ConeQ(t(yl)) R with the following properties: 

(5.1) foi = f. 

(5.2) f{Xx) = X'''f{x)forall A G Q>o and x e ConeQ(i(A)). 

Proof. (1) Let x G ConcQ(t(A)). Then there are positive integers n,mi, . . . ,mr and 
ai, .. .,ar G A such that x = (mi/n)t(ai) + • • • + (mr/n)t(ar). Thus, if we set a = 
mitti + • • • + m^Or G A, then x = (l/n)i(a). The converse is obvious. 

(2) Clearly l^^ {ConeQ{i{A)) is saturated, and hence 

Sat(A) C t-i(ConeQ(t(A)). 

Conversely we assume that x G t^^(ConeQ(/,(A)). Then, by (1), there are n G Z>o and 
a G A such that /.(a;) = (l/n)/,(a). Thus, as /.(na; — a) = 0, there is n' G Z>o such that 
n'{nx — a) = 0, which means that n'nx G A, as required. 

(3) By (1) in Proposition II. 1.11 it is sufficient to show that, for any a' G ConeQ(/,(j4)) 
and x' G M ^ Q, there is S E Q>o such that a' + 6x' G ConeQ(t(A)). We can choose a G 
A, X E 7\f and positive integers ni and7i2 such that a' = (l/ni)t(a) andx' = {l/n2)i{x). 
By our assumption, there is a positive integer n such that na -\- x E A. Thus 

nriia' + ^22^' = i(?T.a + a;) G t(^), 

which yields a' + {n2/nni)x' E ConeQ(t(A)). 

(4) By virtue of Lemma [1.1.2l 

ConeR(t(A + B)) = ConeK(t(A) + = ConeR(i(A)) + ConeR(i(B)). 

(5) First let us see the uniqueness of /. Indeed, if it exists, then 

/((l/n).(a)) = (l/n)'=/(.(a)) = {l/nYf{a). 

By the above observation, in order to define / : ConvQ(t(A)) M, it is sufficient to 
show that if (l/n)i(a) = (l/n')i(a') {n,n' E Z>o and a, a' G A), then (l/n)''/(a) = 
[l/n'Y f{a'). As t(n'a — no') = 0, there is m G Z>o such that mn'a = mna' . Thus 

{mn'ff{a) - /((™n')a) = /((mn)a') = (mn)V(a), 

which implies that [l/nY f{a) = [l/n'Y f [a'). Finally let us see (5.2). We choose posi- 
tive integers n, rii, n2 and a G A such that A = ni/n2 and x — (l/n)t(a). Then 

/(Ax) = f{{l/n2n)i{niaj) = (1 / n2nY f (riia) = {l/n2nYn'lf{a) 
= A'=(l/n)V(a) = AV». 
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1.2. Convex lattice. Let M be a finitely generated free Z-module. Let K be a subset of 
M. The Z-submodule generated by K in M and the convex hull of K in A/r Af (Xiz R 
are denoted by {K)i and Goxw^{K) respectively. For a positive integer m, the m-fold 
sum K of elements in K is defined to be 

m * K ^ {xi ^ VXm. I xi, . . . ,a;m e K}. 

We say iiT is a convex lattice if 

(K)zD —(m* K) C K, thatis, ni{K)z O (m * K) C mK 
m 

holds for all m > 1. Moreover, ii' is said to be symmetric if — x G if for all x & K. Note 
that if if is symmetric, then CoiiVR(if) is also symmetric. 

Proposition 1.2.1. Let K be a subset of M. Then we have the following: 

(1) (if)zn M -(m*if) - (if)znConvR(if). 

^ TO 

m— 1 

(2) The following are equivalent: 

(2. 1) if fl convex lattice. 

(2.2) K ={K)zf\ ConvR(if). 

(2.3) TTzere are a "L-submodule N of M and a convex set A in Mr smc/z ?/iaf K = 

NnA. 

Proof (1) Obviously {K)j,n[j^^^{l/m){m*K) C (if)znConvR(if). We assume that 
X £ (if )z n ConvR(if ). Then there are ai, . . . , a; G if and /ii, . . . , G M>o such that 
X — /iifli + • • • + /i;a; and /ii + • • • + /i; = 1. As x G (if )z C M, by using Lemma [l.l.3l 
we can find Ai, . . . , A; G Q>o such that Ai + • • • + A; = 1 and x = Aioi + • • • + A;a;. We 
set Xi — di/m for i = 1, . . . , /. Then, as di + • • • + = m, we have 

dixi H h d/x; ^ /j^x „ 1 . 

a; = G (if)z n — (to * if). 

TO m 

(2) (2.1) =^ (2.2) : Since if is a convex lattice, by (1), if = {K)z n ConvR(if ). 

(2.2) (2.3) is obvious. 

(2.3) =^ (2.1) : First of all, note that (if)z C N and ConvK(if) C A. Thus 

(if>z n — (m * An C lK)z n ConvR(if) C n A = if . 
m 



Let if be a subset of M. Then, by the above proposition, 

(if)z n I J — (m * if ) = {x G (if )z I 3m G Z>o tox G to * if } 

^ TO 

m— 1 

is a convex lattice, so that it is called the convex lattice hull of if and is denoted by CL(if ). 
Note that the convex lattice hull of if is the smallest convex lattice containing if. Let 
f : M ^ M' be an injective homomorphism of finitely generated free Z-modules. Then 
it is easy to see that /(CL(if )) = CL(/(if )). Finally we consider the following lemma. 
Ideas for the proof of the lemma can be found in Yuan's paper JS] §2.3]. 

Lemma 1.2.2. Let M be a finitely generated free IL-module and r : M ~f N a homomor- 
phism of finitely generated Z-modules. For a symmetric finite subset if of M, we have the 
following estimation: 

(1.2.2.1) log #r(if) >log#(if)-log#(Ker(r)n(2*if)). 
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(1.2.2.2) \og#r{K) < log #(2 * A') - log#(Kcr(r) n K). 

Moreover, if A is a bounded and symmetric convex set in A/r and a is a real number with 
a > 1, then 

(1.2.2.3) < log#(Af naA) -log#(Af n A) < log([2a] ) rk AT. 
Proof. Let t G r{K) and fix sq G i^T with r(so) = t- Then, for any s G r^^{t) n K, 

s- sq = s + (-So) e Ker(r) n (2 * K). 

Thus 

#(r-i(i) n AT) < #(Ker(r) n (2 * K)). 

Therefore, 

#(i^)= ^ #{r-\t)C^K)<#{r{K))#{KcT{r)C^{2*K)), 

ter(K) 

as required. 

We set S* = if + Ker(r) n if. Then r(S') = r(i!:) and S* C 2 * if . Moreover, for all 
t G r(S'), 

#(Ker(r) C^ K) < #{S D r-^{t)). 
Indeed, if we choose sq G K with r{so) = t, then 

So + Ker(r) OK CSn r^\t). 

Therefore, 

#(2 * if ) > #(5) = *{r-\t) n S) > i^{r{SM{Kciir) n K) 

ter{S) 

= #(r(if ))#(Kcr(r) n if) 

as required. 

We set n — [2a]. Applying ( 11.2. 2. Il l to the case where if — Ai n (n/2)A and r : 
M — > Ai /nM, we have 

log#(Ai n (n/2)A) - log#(nAf n 2 * {{n/2)A D Ai)) 

< log#Ai/nAi" = log(n) rk AT. 

Note that a < n/2 and 

#(nAi n 2 * ((n/2)A n Ai)) < #(nAi n (nA n Ai)) 

= #(nAf n nA) = #(Ai n A). 

Hence we obtain 

< log #(Ai n aA) - log #(Ai n A) 

< log #(Ai n (n/2) A) - log #(nAi n 2 * {{n/2) A n Ai)) < log(n) rk Ai. 



12 



ATSUSHI MORIWAKI 



1.3. Concave function and its continuity. Let P be a vector space over Q and V = 
P (X) R. Let C be a non-empty open convex set in V. Let / :CnP^Mbea concave 
function over Q (cf. Conventions and terminology|2l). 

We assume that P is finite dimensional and d = dimQ P. Let h be an inner product 
of V. For X E V, we denote y/h{x, x) by \\x\\h- Moreover, for a positive number r and 
X G V,we set 

U{x,r) ^{y eV \ \\y-x\\h < r}. 

Proposition 1.3.1. For any x £ C, there are positive numbers e and L such that U{x, e) C 
C and \f{y) — f{z)\ < L\\y — z\\hfor all y, z G U{x, e) H P. In particular, there is a 

unique concave and continuous function f : C ^ M. such that f = f. 

CnP 

Proof. The proof of this proposition is almost same as one of |4l Theorem 2.2], but we 
need a slight modification because x is not necessarily a point of P. Let us begin with the 
following claim. 

Claim 1.3.1.1. f{tixi + - ■ ■ + trXr) > tif{xi) + ■ ■ ■+trf{xr) holdsfor any xi, . . . ,Xr € 
CnP and tl,. . . ,tr e Q>o with ti H \- 1,. = 1. 

We prove it by induction on r. In the case where r — 1,2, the assertion is obvious. We 
assume r > 3. If ii = 1, then the assertion is also obvious, so that we may assume that 
tl < 1. Then, by using the hypothesis of induction, 

fitiXi + ■■■+ trXr) - / (tiXi + (1 - tl) (-^X2 ' ' 



1-ti 1-ti 
> tifixi) + (1 - ti)f ( ^^X2 + • • • + 



> tifixi) + (1 - tl) (Jl^f{x2) + • • • + -^/(x.) 

= hfixi) H h tr!{Xr). 



□ 



Claim 1.3.1.2. There are xi, . . . ,Xd+i £ C H P such that x is an interior point of 
Convi{({xi, . . . ,Xd+i}). 

Let us consider the function (/) : C"^ ^ R given by 

Hvi, • ■ • = det(yi - x, . . . ,yd - x). 

Then (C"')^ = {{yi, . . . ,yd) € \ 0(yi, ■■■,yd) 7^ 0} is a non-empty open set, so that 
we can find {xi, . . . , Xd) S (C"*)^ with xi, . . . ,Xd £ P. Next we consider 

{x - ti{xi -x) tdixd -x) \ti,...,td e M>o} n C. 

This is also a non-empty open set in C. Thus there are Xd+i E COP and ti, . . . ,td E R>o 
with Xd+i = X — ti{xi — x) — ■ ■ ■ — td{xd — x), so that 

_ hxi H h tdXd + Xd+i 

^ ~ tl + • • • + id + 1 
Thus X is an interior point of ConvK({a;i, . . . , Xd+i}). □ 

Claim 1.3.1.3. There is a positive number ci such that f{y) > —ci holds for all y E 
ConvR({a;i, . . . ,Xd+i}) n P. 
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As y e ConvR({a;i, . . . , Xd+i}) n P, by Lemma fT.1.31 there are <i, . . . , td+i £ 
such that 

ii H (-td+i = l and y = tixi H \-td+iXd+i. 

Thus, by ClaimlL3Jj] 

f{y) = f{tixi H \-td+ixd+i) 

> tif{xi) H h td+i/(a;d+i) > -ti|/(a;i)| td+i\f{xd+i)\ 

>-(l/(a^i)l + --- + l/(^d+i)|), 
as required. □ 

Let us choose a positive number e and xo G P such that [/(a;, 4e) C ConvR({xi, . . . , Xd+i}) 
and xo € e) n P. Then 

C/(a;,e) C ?7(xo,2e) C L/(xo,3e) C J7(x,4e) C Conyu{{xi, . . . , Xd+i}). 

Claim 1.3.1.4. There is a positive number C2 such that \ J{y)\ < C2 holds for all y e 
[/(xo,3e)nP. 

As (2x0 — y) — xq = Xo — y, we have 2xo — y € U{xo, 3e) n P, and hence 
/(.To) = fiy/2 + {2x0 - y)/1) > f{y)/1 + /(2xo - y)/2. 

Therefore, 

-ci < /(y) < 2/(xo) - /(2xo - y) < 2f{xo) + ci, 
as required. □ 

Let y, z G U{x,e) D P with y ^ z. We choose a e Q with 

e/2 e 
' ' 1 < a < — + 1 



\\z-y\\h \\z-y\\h 

and we set w = a{z — y) + y. Then e/2 < \\w — z\\h < e. Thus w G f/(xo, Be) n P. 
Moreover, if we put to = I /a, then 

z ^ (1 -to)y + tow, z-y^to{w~y) and w - z = (1 - io)(w - y). 

As ||z - y\\h/\\w - = to/(l - to), we have 

- /(y) _ /((I - to)y + tozi;) - f{y) ^ (1 - to)/(?/) + to/(^^) - f{y) 

~ \\z-y\\h 
.fH^JM-n . ^ /H -/(?/) 

\\z-y\\h \\w-z\\h 
_ f{w) ~ ((1 - to)f{y) + tofjw)) ^ fjw) - fjz) 
Ww-zWh ~ \\w - z\\h 

^ -2C2 ^ -2C2 -4C2 



\w - z\\h e/2 e 
Exchanging y and z, we obtain the same inequaHty, that is, 

f{y) - /(^) > ^ 
\\y-4h ~ e 

Therefore, |/(z) - /(y)| < (4c2/e)||2/ - z\\h for all y, z G C/(x, e) n P. 

For the last assertion, note the following: Let {an}^^i be a Cauchy sequence on 
Cop such that x — lim„^oo G C. Then, by the first assertion of this proposition. 
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{/(a„)}^i is also aCauchy sequence in M, and hence f{x) is defined by lim„_+oo f{a.n)- 

■ 

Next we do not assume that P is finite dimensional. Then we have the following corol- 
lary. 

Corollary 1.3.2. There is a unique concave and continuous function f : C M. such that 

f =/■ 

cnP 

Proof. It follows from Proposition 11.3.11 and the following facts: If x G V, then there is a 
finite dimensional vector subspace Q of P over Q with x G Q (E)M.. ■ 

1 .4. Good flag over a prime. In this subsection, we observe the existence of good flags 
over infinitely many prime numbers. 

Let X be a d-dimensional projective arithmetic variety. Let ir : X Spec(i?) be the 
Stein factorization of X ^ Spec(Z), where R is an order of some number field F. A 
chain 

Y. ■.Yo=X dYiDY2D ---DYa 
of subschemes of X is called a good flag of X over a prime p if the following conditions 
are satisfied: 

(a) li's are integral and codim(yi) = i for i = 0, . . . ,d. 

(b) There is P e Spec(i?) such that Rp is normal, tt^^{P) = Yi and the residue field 
k{P) at P is isomorphic to Fp. In particular, Yi is a Cartier divisor on X. 

(c) Yd consists of a rational point y over Fp. 

(d) y^'s are regular at y for i = 0, . . . ,d. 

(e) There is a birational morphism i.i : X' ^ X of projective arithmetic varieties with 
the following properties: 

(e.l) /J, is isomorphism over 

(e.2) Let Y^ be the strict transform of Yi. Then F/ is a Cartier divisor in Y-_-^ for 
i = 1, . . . , d. 

Proposition 1.4.1. There are good flags of X over inflnitely many prime numbers. More 
precisely, if we set Sp/q = {p G Spec(Z) | p splits completely in F over Q}, then there is 
aflnite subset E ofSp/q such that we have a good flag over a prime in Sp/q \ S. 



Proof. Let ^ : Y ^ X he a generic resolution of singularities of X such that Y is nor- 
mal. Let TT : X ^ Spec(i?) and tt : Y ^ Spec(0_F) be the Stein factorizations of 
X Spcc(Z) and Y Spcc(Z) respectively. Then we have the following commutative 
diagram: 

X ^ — Y 



i' 



Spec(i?) Spcc(Of)- 
Let us choose a proper closed subset Z of X such that pi : Y \ fi^^{Z) — > X \ Z is an 
isomorphism. We set E = ii^^{Z). Let us choose a chain 

Yi = Y Xspec(o,) Spec(F) D ^ • • • 3 Fj_i 

of smooth subvarieties of Y y-s-pcciOp) Spec(F) such that codim(y/) = i — \ for i = 
1, . . . , (i— 1 and dim(yj_j^ n(i? Xgpoc(OF) Spec(P))) < 0. Let Yi be the Zariski closure of 
Yl in Y . Then there is a non-empty open set U of Spec(0_F) such that p is an isomorphism 
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over U,Yi = F, I2, • • ■ , Yd-i are smooth over U and Yd-i H E is either finite or empty 
over U. Let e be the degree of Yd-i D E over U . Note that e might be zero. If we put 

Si = {p e Spec(Z) I there is P e Spec(OF) \ U with pi = P f] Z}, 

then El is a finite set. Let p S iSp-^Q \ Ei and P S Spec(Oi<-) with = P n Z. Then 
P G U and the residue field at P is isomorphic to ¥p. By Weil's conjecture for curves, 

p+1- < ® K(P))(Fp), 

where g is the genus of Thus there is a finite set E2 such that, if p e 5j?/q\(EiUE2), 
then p+1 — 2(7y/p > e, which means that there is x e {Yd^i (8) K(P))(Fp) with x ^ E. 
Since, forp e 5i?/Q \ (Si U S2), 

y D Fi ® k(P) D • • • D Fd-i ® K(i') 3 {a;} 

is a good flag over p, 

X D fi{Yi (g> k{P)) D---D ^i{Yd-l (8> k{P)) D {^l{x)} 
is also a good flag over p. ■ 

2. Estimation of linear series in terms of valuation vectors 

The context of this section is a generalization of Yuan's paper |8j. Let us begin with the 
following proposition, which is a key to Theorem l2.2l 

Proposition 2.1. Let X be a d-dimensional projective arithmetic variety and fix a good 
fiag Y. : X Z) Yi D Y2 D ■ ■ ■ Z) Yd over a prime p. Let L be an invertible sheaf on X, M 
a Ij-submodule of H^{X, L) and A a bounded symmetric convex set in H^{X, L)-r. Let 
r : H°{X,L) H^{Yi, L\y^) be the natural homomorphism, M' = Mf^H°{X,L-Yl) 
and /9 = p rk M. Then we have the following: 

(2.1.1) i^vY, {r{M n A) \ {0}) logp < log#(M n 2/3A) - log #(Af' n /3A) 
and 

(2.1.2) #z.y, (r(Af n A) \ {0}) logp > log#(Af n (1//3)A) - log#(M' n (2//?) A), 
where vy^ is the valuation on Yi attached to a flag Yi Z) Y2 D ■ ■ ■ D Yd. 

Proof. Let y be a vector space generated by r{AI n A) in _ff'^(Yi, P|yJ over ¥p. Note 
that Is] Lemma 1.3] holds if Yd consists of a rational point over a base field. Thus 

(r(A n M) \ {0}) logp < #z/y, [V \ {0}) logp 

= dimFp(V^) logp (■.■ im Lemma 1.3]) 

= iog#y. 

Let us choose si, . . . ,si G M n A such that r{si), . . . , r(s;) forms a basis of V. Let 
n be the rank of M and o^i, . . . , cj„ a free basis of M. Then V C X]"=i ^p'r{oJi) in 
H'^{Yi, L\y^), which implies I < n. We set 

S = l^a^Si I = 0, 1, . . . ,p- 1 (Vi)| . 

Then S maps surjectively to V . Moreover C Af n /3A because I < n. Thus we get 
#y < # (r(Af n I3A)). Note that Ker (r|j^^ : M -> i/"(Yi, M'. Therefore, 

as 2 * (Af n (3 A) CMn 2/3A, by ( 11.2.2.21 ). 

log #r(A// n (3 A) < log #(Af n 2(3 A) - log #(Af' n (3 A), 

which shows ( 12.1. 11 1. 
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Let 14^ be a vector space generated by r{M n (1//3)A) in H'^{Yi, L\y ) over ¥p. Let 
us choose ti, . . . ,tii e i\f n (1//9)A such that r{ti), . . . , r{ti') forms a basis of W. In the 
same way as before, we have I' < n. We set 

T={^M. |^.=0,l,...,p-l(V*)}. 

Then T C M n A and = r(T) C r{M n A). Thus 

#z.y, (r(M n A) \ {0}) logp > ^lyy, {W \ {0}) logp 

= dimFp(M^)logp 

>log#r (Mn(l//3)A). 
On the other hand, as 2 * (M n (1//3)A) C M n (2//3)A, by ( IL2.2.1b . 

log #r(M n A) > log #(M n A) - log #(M' n (2//3) A), 
as required for ( 12.1.21 ). ■ 

Let X be a d-dimensional projective arithmetic variety and L a continuous hermitian 
invertible sheaf on X. A subset K of H^{X, L) is called an arithmetic linear series of L 
if iiT is a symmetric convex lattice in H^{X, L) with 

K C B,up(I) := {s e H'>{Xr,Lu) \ ||s||,up < !}■ 

lfK = H°{X,L) (= H°{X, L) n Bsnp(L)), then K is said to be complete. Then we have 
the following theorem: 

Theorem 2.2. Let v be the valuation attached to a good flag Y. : X ^ Yi Y2 ^ ■ ■ ■ 
Yd over a prime p. If K is an arithmetic linear series of L, then the following estimation 

|#i.(i^\{0})logp-log#(i^)| 

< (log(4prk(i^).) + "^^)+^°g^^;^'<^^^^ og(4)rkg°(0^)) rk(i^). 

holds, where (j{L) is given by 

d^(ci(3)'^-i.ci(L)) 



cr{L):= _ inf 



A : ample deg{Af^ ) 

Proof We set (3 = pTk{K)z, A = ConvjuiK) and Mk = {K)z n H°{X,L- kYi) for 
k>0. Then Mq = if = Mq n A, rkM^ = rkMo and 

Mfe+i = Mfe n i7°(y, (L - fcFi) - n). 

Let rfe : H'^ {X,L — kYi ) — > _ff " ( Yi , L — fc Yi | be the natural homomorphism for each 
k>0. Note that 

\ {0}) = ^ iniMk n A) \ {0}) . 
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Thus, by applying Proposition l2.1l to L — kYi, we obtain 
J2 (log#(A4 n (1//3)A) - log#(Mfc+i n {2/ (3) A)) 

k>0 

<ifHK\{0})\ogp< 

(log#(Mfc n 2/3A) - log#(Mfc+i n 13 A)) , 

fc>0 

which implies 

#iy{K \ {0}) \ogp < log #(Afo n 2/3A) 

+ ^ (log #(Mfe n 2/3A) - log #(Mfe n /3A)) 
fe>i 

and 

\ {0}) logp > log #(A/o n A) 

- ^ (log#(A4 n (2//3)A) - log#(Mfe n (1//3)A)) . 
fe>i 

By ( 11.2.2.3b . 

log#(A/o n 2/3A) < log#(i^) + log(4/3) rkMo 

and 

log#(Mfc n 2/3A) - log#(Mfc n PA) < log(4) rkM^ = log(4) rkMo. 

Note that 2/3A n A4 C F0(I - kYi + 0(log(2/3))) (for the definition of O(-), see 
Section|4]i. Thus, if we set 

S={k>l\ fcFi + 0(log(2/3))) ^ {0}} , 

then 

#iyiK \ {0}) logp < log#(i^) + (log(4/3) + #51og(4)) rkMo. 
Let A be an ample C°° -hermitian invertible sheaf on X. If k E S, then 

< d^iMAf-^ -ML-kYi +0(log(2/3)))) 

= d;g(ci(3)'^-i . + log(2/?) deg(4-i) - fc^^l^^i^, 

which implies that 

(a(L) + log(2/3))rkgO(0x) 
logp 

and hence _ 

(a(L)+log(2/3))rki/0(Ox) 



logp 

Further, by using ( II. 2.2.31 1, we can see 

log#(A/o n (1//3)A) > log#(if) - log(2/3) rk A/o 

and 

log#(A/fe n (2//3)A) - log#(A/fe n (1//3)A) < log(4) rk A/fe = log(4) rkMo. 
Hence, as before, we obtain 

#iyiK \ {0}) logp > log#(i<r) - (log(2/3) + #51og(4)) rkMo, 
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as required. ■ 

Corollary 2.3. There is a positive constant c — c{X, L) depending only on X and L with 
the following property: For a good flag 

Y.:XDYiDY2D---DYd 

over a prime p, there is a positive constant mo = TOq (p, Xq, Lq) depending only on p, 
Xq and Lq such that, ifm> mo, then 

cm^ 

|#i.K(i^\{0})logp-log#(i^)| < 



logp 



holds for any arithmetic linear series K ofmL, where vy is the valuation attached to the 
flagY:XDYiDY2D---DYd. 

Proof. The problem is an estimation of C„i given by 

/ / ^^ cr(mL) + log (2pTkH°(mL)) n. A n. ^ 

hog (4p rk (mL)) + ^ ^ log(4) rki7°(C'x) 1 rkH°{mL). 

First of all, there is a constant ci depending only on Xq and Lq such that 

ik H"{mL) < cim"^-^ 

for all m > 0. Thus 



C,„ < - (log {Apcim"-') log(p) + log {2pcim''-') log(4) TkH°{Ox)) "^"^^ 



\ogp 

+ a{L) \og{^)rkH\Oxf-^. 

\ogp 

We can find a positive integer mg depending only on p and ci such that if m > mo, then 

^ (log {Apcim'^-^) \og{p) + log {2pcim'^'^) log(4) TkH"{Ox)) < 1 + rkH°{Ox). 
Therefore, 

C„, < (l + (l + a(L)log(4))rki/"(Ox)) 
for m > mo, as required. I 



As an application of Corollarv 12.31 we have the following theorem. The arithmetic 
Fujita's approximation theorem is a straightforward consequence of this result. 

Theorem 2.4. Let L be a big continuous hermitian invertible sheaf on a projective arith- 
metic variety X. For any positive e, there is a positive integer no — no (e) such that, for 
all n > no, 

. \og#iKk^ ^1{L) 
limmf -r—r^ — > e, 

fc^oo n'^k'^ - d\ 

where Kk^n is the convex lattice hull of 

Vk,n = {si (g) • •• «)Sfe I Si,. .. ,Sfe e H"{X,nL)} 

inH°{X, knL). 

Proof. A generalization of this theorem will be proved in Theorem |6.2| ■ 
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3. Base locus of continuous hermitian invertible sheaf 

Let X be a projective arithmetic variety and L a continuous hermitian invertible sheaf 
on X. We define the base locus Bs{L) of L to be 

Bs(I) = Supp (Coker L))z Ox ^ i)) , 

that is, 

Bs(I) ={xeX\ s{x) = for alls e ^°(X,r)}. 
Moreover, the stable base locus SBs{L) is defined to be 

SBs(I) = Pi Bs(ml) 

The following proposition is the basic properties of Bs(L) and SBs(i). 

Proposition 3.1. (1) Bs(r + M) C Bs(I) U Bs^) for any L,M e PiciX; C"). 

(2) There is a positive integer toq such that SBs(L) ~ Jis(mmoL) for all m > 1. 

(3) SBs(I + M) C SBs(I) U SBs(M) for any L,M e Pic{X; C°). 

(4) SBs(L) = SBs{TnL)forallm> 1. 

Proof. (1) is obvious by its definition. 

(2) By using (1), it is sufficient to find a positive integer mo with SBs(L) = Bs(mo-L). 
Thus it is enough to see that if SBs(i) C Bs{aL), then there is b with Bs{abL) C Bs(aL). 
Indeed, choose x G Bs(aL) \ SBs(L). Then there is b with x ^ Bs(6L), so that x ^ 
Bs{abL) by (1). 

(3) This is a consequence of (1) and (2). 

(4) Clearly SBs(I)_C SBs(TOr). We choose mo with SBs(r) = Bs(mor). Then 
SBs(ml) C Bs(moml) = SBs(I). ■ 

Let L : Pic{X; C°) Picq{X; C°){:= Pic{X; C°) (g) Q) be the natural homomor- 
phism. For L e PicQ(X; C°), there are a positive integer n and M e Pic(X; C°) such 
that L — (l/n)/,(M). Then, by the above (4), we can see that SBs(M) does not depend on 
the choice of n and M, so that SBs(L) is defined by SBs(M). The augmented base-locus 
SBs+ (L) of L is defined to be 

SBs+(I)= y SBs(I-A). 

AePrcQ(X;C~) 
A : ample 

Proposition 3.2. Let Bi, . . . , Br be ample C°° -hermitian Q-invertible sheaves on X. 

Then there is a positive number eo such that 

SBs+(Z) = SBs(I- eiBi Er'Br) 

for all rational numbers ei, . . . , with < ei < eo, . . . , < < eq. 

Proof. Since X is a noetherian space, there are ample C°° -hermitian Q-invertible sheaves 
Ai, . . . , Ai on X such that SBs+(L) = 0^=1 SBs(iy — Ai). We choose a positive number 
eo such that, for all rational numbers ei , . . . , e^. with < ei < eo, . . . , < e^ < eo, 

-Aj — ei-Bi — • • • — Cj-Bj- 
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is ample for every i = 1, . . . ,1. Then, by (2) in Proposition l3.1l 

SBs(I - eiBi erBr) = SBs(I - A, + (A, - eiBi erBr)) 

C SBs(I - Ai) U SBs{A - eiBi e^^r) 

= SBs(I-AO, 

which impHes 

I 

SBs+(I) C SBs(Z - eiBi ErBr) C Pi SBs(L - a,) = SBs+(L). 

1=1 

■ 

4. Arithmetic Picard group and cones 

According as 1 7 1, we fix several notations. Let X be a projective arithmetic variety. Let 
C°(X) be the set of real valued continuous functions / on X{C) with F^{f) = f, where 
Foo : X{C) X{C) is the complex conjugation map on X{C). Let O : C°{X) 
Pic(X; C°) be the homomorphism given by 

Oif) = {Ox,cM-f)\-\can). 

We define PicqiX; C^) and Pk;«R(X; C°) to be 

V\cq,{X; C°) := Pk;(X; C°) ® Q and pTc^rCX; C°) := V\c{X; C°) ® M. 

We denote the natural homomorphism Pic(X; C") PicQ(X; C°) by l. Let N{X) be 
the subgroup of Pic,gR(X; C°) consisting of elements 

0(/l) ® .Xi + • • • + 0{fr) ®Xr (/l, ...,/. e Xi, . . . , X, G M) 

with xi/i H h Xr/,- = 0. We define PicR(X; C°) to be 

PrcR(X;C") Prc«R(X)/Ar(X). 

Let TT : PiC(^R(X; C°) ^ PicR(X; C°) be the natural homomorphism. Here we give the 
strong topology to PicQ(X; C°), Pic^R(X; C") and PicR(X; C"). Then the homomor- 
phisms 

PrcQ(X; Prc^R(X; C^) and tt : pTc^rIX; C°) ^ Vic^{X; C°) 

are continuous. Moreover, tt : Pic0R(X; C°) ^ PicR(X; C") is an open map (cf. Con- 
ventions and terminology lU. We denote the composition of homomorphisms 

pTcqCX; C°) ^ Prc«R(X; C°) ^ PrcR(X; C") 

by p. Then p is also continuous. Note that p is not necessarily injective (cf. fT. Exam- 
ple 4.5]). 

Let Amp(X) be the sub-semigroup of Pic(X; C°) consisting of all ample C°°-hermitian 
invertible sheaves on X. Let us observe the following lemma. 

Lemma 4.1. Let A be an ample invertible sheaf on X. For any L G Pic(X; C^), there 
are a positive integer uq and f G C'^{X) such that f > and 

L + nA- 0{J) G A^(^) 

for all n > uq. 
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Proof. Let | • | be the hermitian metric of L and | • |o a C°°-hermitian metric of L. We set 
I • I = exp(— /o)| • |o for some /o G C^{X). We can take a constant c with /o + c > 0, and 
put f ^ /q + c. Then / > and cxp(/)| • | is C°°, which means that L - 0{f) is C°°. 
Thus there is a positive integer uq such that 

(L ^0{f)) + nA e A^{X) 

for all n > no . ■ 

Proposition 4.2. Lef C be a sub-monoid of Pic{X; C°) iMc/z f/zaf 

I / e / > 0} c a. 

VVfeiefi? — Sat(Amp(X) + C) (cf. see Conventions and terminology\l\for the saturation). 
Then we have the following. 

(1) B is open, that is, for any L £ B and M G Pic{X; C"), there is a positive integer 
n such that nL + M Q B. 

(2) If we set 

Bq := ConeQ(i(B)) in PicQ{X; C), 
-B®E := ConeR(BQ) in Pic^M{X; C°), 
Bm := ConeR(p(i?Q)) in pTckCX; C"), 

then Bq, -B,g)K andB^ are open in PicQ(X; C"), Pic,gR(X; C*^) ant/ PicK(X; C") 
respectively. 

(3) 

[tt-i (Br) = i3«R, p-i (Br) - i?Q. 

Proof. (1) Let L B and Af e Pic(X;C°). Then there is a positive integer no such 
that noL = A + E for some A e Amp(X) and E £ C. By Lemma 1431 there ai-e a 
positive integer ni and / e C*'(X) such that / > and Af + niA — ©(Z) = A for some 
a' e Amp(X). Then 

ninoL + 17 ^ni(A + E) + M ^A' + [niE + 0{f)) G B. 

(2) follows from (3) in Proposition [TTT3] (2) in Proposition U . L4I and (2.1) in Proposi- 
tion [TXT] 

(3) Let us consider the following claim: 

Claim 4.2.1. B^^r + N{X) C B^r. 

First of all, let us see the following formula: 
(4.2.2) B^R + i{C) C S^R. 

Indeed, as B + C C S, we have l{B + (7) C i{B). Thus, by (3) in Proposition [rL4l 

%M + ^{C) C ConeR(/,(B)) + ConcR(/,(C)) = ConeR(t(B + C)) C B^r. 

Let a e i?(g,R and a; e iV(X). We set x = ® ai + ■ ■ ■ + 0{fr) ® ar with 

oi/i + ■ • ■ + flr/r = 0, where fi, . . . , fr £ C°(X) and ai,. . . ,ar £ K. Let us take a 
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sequence {ain}^=i in Q such that Ui = lim„^oo flin- We set (/)„ = ai„/i H h a™/r. 

Then 

ll'/'nilsup = ||(ain - ai)/l H 1- (a™ - ar)/r||sup 

< \ain — ai|||/i||sup + • • • + \arn — flrl |!/r||sup- 

Thus lim„^oo ||0n||sup = 0. We choose a sequence {5„} in Q such that 6„ > llf/inllsup 
and lim„_+oo bn = 0. Then + 6„ > 0. If we put 

then lim„_+oo Xn = x. On the other hand, as a;„ = ©(^n + 6„) in PicQ(X; C°), a;„ S 
i(C). By (2), is an open set in PiC(gR(X; C"). Thus, if n ^ 1, then (x — x„) + a e 
S^R. Hence the claim follows because 

X + a ^ {{x - Xn) + a) + Xn ^ -B0R + /.(C") ^ -S^R- 

□ 

The first formula follows from (2) in Proposition [TTT3] The second is derived from (1) 
in Proposition ! 1.1.41 We can see the third by using (2.2) in Proposition II . 1 . II and the above 
claim. The last formula follows from the second and the third. ■ 



5. Big hermitian invertible sheaves with respect to 
an arithmetic subvariety 

Let X be a projective arithmetic variety and Y an arithmetic subvariety of X, that is, Y 
is an integral subscheme of X such that Y is flat over Spec(Z). A continuous hermitian 
invertible sheaf L is said to be Y-ejfective (or effective with respect to Y) if there is s G 
H°{X,L) with s\y ^ 0. ForLi,L2 G Pic(X), if Li -L2 is y-effective, then we denote 
it by Li >Y L2. We define Eff(X; Y) to be 

Eff(X; Y) := |l G Fic{X; C°) | lis F-effectivej . 

Then it is easy to see the following. 

(a) ES{X; Y) is a sub-monoid of Pic{X; C°). 

(b) {0{f) I / G CO(X), / > 0} C mX;Y). 

Here we define Big{X; Y), Big^{X; Y), Big^^^iX; Y) and Big^{X; Y) to be 

{Big{X:Y) := Ssit{A^{X)+ m{X;Y)), 
BigQ(X;y) := ConeQ(i(Bii(X;r))), 
Big^R(X;y) := ConeR(BiiQ(X;y)), 
BiiR(X;y) ConeR(p(BiiQ(X;y))), 

where t, tt and p are the natural homomorphisms as follows: 




PrcR(X;CO) 
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For the definition of the saturation, see Conventions and terminologylU By Proposition l4.2l 

B^qiX; Y), Big^^{X; Y) andBig^{X; Y) areopeninPrcQ(X; C°), PicmiX; C") and 
PicR(X; C") respectively. Moreover, 

t-i (mg^iX; r)) - Bi8-(X; Y), mg^^{X; Y) H FicaiX; C°) = Big^{X; Y), 
TT-i (Bii„(X;r)) =Big^^{X;Y), p-^ (mg^iX;Y)) =Big^{X;Y). 

A continuous hermitian invertible sheaf L on X is said to be Y-big (or big with respect to 
F) if L G Big{X; Y). In the remaining of this section, we will observe several basic prop- 
erties of F-big continuous hermitian invertible sheaves. Let us begin with the following 
proposition. 

Proposition 5.1. (1) Let L be a continuous hermitian invertible sheaf on X. Then the 
following are equivalent: 

(1.1) Lis Y-big. 

(1.2) For any A € Amp{X), there is a positive integer n with nL >y A. 

(1.3) _ F 2 SBs+(I). _ 

(2) If L is Y-big, then there is a positive integer niQ such that mL is Y -effective for 
all m > mo. 

Proof. (1) (1.1) =^ (1.2) : There is a positive integer n such that nL = B + M for some 
B e Amp(X) and M e EfT(X; Y). Let A be an ample C°°-hermitian invertible sheaf on 
X. We choose a positive number ni such that riiB — Ais F-effective. Then 

mnL -A^ {niB -A)+ njA 

is y-effective. 

(1.2) =^ (1.3) : For an ample C°° -hermitian invertible A sheaf, there is a positive 
integer n such that nL >y A. Thus there is s g H^{X,nL — A) with s|y ^ 0, which 
means that Y % V,s,(nL - 'A). Note that 

Bs(nL- A) D SBs(nI-]4) = SBs(L- (I/ti)^) D SBs+(L). 

Hence y 2 SBs+(I). 

(1.3) =^ (1.1) : Let A be an ample C°°-hermitian invertible sheaf. Then, by Proposi- 
tion l3.2l there is a positive number n such that 

SBs+(L) = SBs(I- (l/n)!') = SBs(?iL- A). 

Thus, by (2) in Proposition l3.1l we can find a positive integer m such that 

SBs+(I) = Bs(TO(nI - A)), 

so that there is s e {X , m{nL — A)) with s|y 7^ because F % SBs+(L). This means 
that mnL >y niA, as required. 

(2) We choose an ample C°°-hermitian invertible sheaf A such that A and L + A is 
y-effective. Moreover, we can take a positive integer a such that aL — Ais F-effective 
because L is F-big. Note that oL = (oL -A)+A and {a + l)L ^ {aL -A) + (L + A). 
Thus aL and (a + 1)L are F-effective. Let m be an integer with m > + a. We set 
m = aq -\- r (0 < r < a). Then g > a, so that there is an integer b with q = b + r and 
b > 0. Therefore, niL is F-effective because mL = b{aL) + r((a + l)L). ■ 
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Proposition 5.2. Let X be a projective arithmetic variety, Y a d' -dimensional arithmetic 
subvariety of X and L a continuous hermitian invertible sheaf on X. Let Z. : Zq = Y D 
Zi Z) Z2 Z) ■ ■ ■ Z) Zd' be a good flag over a prime ponY. If L is Y-big, then 

[{vz. (s|y) ,m) I s e H^\X,mL) and s\y 7^ o| 

generates if" as a 'E-module. 

To prove the above proposition, we need the following two lemmas. 

Lemma 5.3. Let X be either a projective arithmetic variety or a projective variety over a 
field. Let Z be a reduced and irreducible subvariety of codimension 1 and x a closed point 
of Z. Let I be the defining ideal sheaf of Z . We assume that I is principal at x {it holds 
if X is regular at x). Let H be an ample invertible sheaf on X. Then there is a positive 
integer uq such that, for all n > uq, we can find s G H^{X, nH (g) /) such that s 7^ in 
nH (X) / (g) k{x), where k{x) is the residue field at x. 

Proof. Let rrix be the maximal ideal at x. Since / is invertible around x, we have the exact 
sequence 

nH ® I ®mj: —f nH ® I ^ nH ® I ® k{x) — > 0. 
As H is ample, there is a positive integer no such that 

H^{X,nH ig) I igjm^) = 

for all n > no, which means that H^{X, nH ® I) nH ® I ® k{x) is surjective, as 
required. ■ 

Lemma 5.4. Let X be a projective arithmetic variety and Y a d' -dimensional arithmetic 
subvariety of X. Let Z. : Zq = Y Z) Zi Z) Z2 Z) ■ ■ ■ Z) Zd' be a good fiag over a 
prime p on Y. Let H be an ample invertible sheaf on X. Let ei, . . . , e^/ be the standard 
basis of 11^ . Then there is a positive integer no such that, for all n > no, we can find 
si, . . . ,Sd' e H°{X,nH) with i^z. = ei, . . . , vz.isd'ly) = e^'- 

Proof. First of all, we can find nf) such that, for all n > n^, 

H^'iX, nH) H°{Zi, nH\z^) 

are surjective for all i. We set Zd' = {z}. For i — 1, . . . ,d', let li be the defining ideal 
sheaf of Zi in Then, by Lemma l53l there is a positive integer n^ such that, for all 

n > n^, we can find s'^ e H^{Zi, nH\^ ^ (g) li) such that 7^ in niJj^ k{z). 
Thus, if n > maxjnQ, n[, . . . , n'^,}, then there are si, . . . ,Sd' £ H^{X, nH) such that 
Sily.^ = s ■ for i = 1, . . . ,d'. By our construction, it is easy to see that i^z. = 

a. ■ 

The proof of Proposition \5.2\ Let us begin with the following claim: 

Claim 5.4.1. There are an ample -hermitian invertible sheaf A and sq, si, . . . , Sd> G 

H^\X, 1) \ {0} and t e H^ {X ,'A + T) \ {{)} such that 

Soly 7^0, Si|^7^0,...,Srf,|Fy^0,i|^7^0 

and 



^zXso\y) = 0, i'zXsi\y) = ei, . . . , J^z. (sd'ly) = ^d' anduzXAv) = 0- 
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Let B be an ample invertible sheaf on X. By Lemma l54l there are positive integer n, 
so, si, . . . , Sd e H°{X, nB) \ {0} and t e H°{X, nB + L)\ {0} such that 

vzXso\y) = 0, J^z. (sily) = ei, . . . , yzX^Ay) = e<i and vzXAy) = 0- 

We choose a C°°-hermitian metric of i? such that B is ample, sq, si, . . . , Sd G H'^{X, nB) 
andt£ H"{X,nB + L). □ 

Let il/ be the Z-submodule generated by 

{{iyzXs\y),m) I s e H°{X,mL) and ^ 0}. 

Since L is 1^-big, there is a positive integer a with aL >y A, that is, there is e e 
H°{X, aL - A) with e|y 7^ 0. Note that 

t®e e (a + 1)L) and sq ® e e H°iX,aL). 

Moreover i/^. (i ® e|y) = i^z. (e|y) and i^z. (■so ® e|^) = i^z. (e|y). Thus 

(i^z. (t0e|y),a+ 1) - (i'z.(so<»e|y),a) = (0, . . . , 0, 1) e M. 

Further, as Si ^ e, sq ^ e £ H^{X, aL), we obtain 

{vz. (si e|y) ,m) - (i^z. (so ® e|y), m) 

= (cj + i^z. (e|y),m) - (i/z. (e|y),TO) = (6^,0) G M. 

Hence Af = Z^'+i. ■ 

6. Arithmetic restricted volume 

Let X be a projective arithmetic variety and Y a c?'-dimensional arithmetic subvariety 
of X. For an invertible sheaf L on X, Image(i/°(X, L) —f H"{Y, L\y)) is denoted by 
H'^{X\Y, L). We assign an arithmetic linear series H^{X\Y, L) of to each continuous 
hermitian invertible sheaf L on X with the following properties: 

(1) Image(7?0(X,I) ^ H°{X\Y,L)) C H°{X\Y,L). 

(2) s(g)s' e i7^(X|r,I+M) foralls e ands' e H^{X\Y,M). 

This correspondence L 1-^ H^{X\Y, L) is called an assignment of arithmetic restricted 
linear series from X to Y. As examples, we have the following: 

• H^^ {X\Y, L) : H^^ {X\Y, L) is the convex lattice hull of 

Image(i7"(X,L) ^ H°{X\Y,L)) 

in H'^{X\Y, L). This is actually an assignment of arithmetic restricted linear series from 
X to Y. The above property (1) is obvious. For (2), let si, . . . , s^ G lmage{H'^ {X , L) 
H°{X\Y, L)) and s[,...,s'^, e ImSige{H^ {X ,M) H^{X\Y, M)), and let 

Xi,...,\r and A'i,...,Aj,, 

be non-negative real numbers with Ai + • • • + = 1 and A'j^ + • • • + A^, = L Then 

(AiSi H h \rSr) «) (A'lS'i H + A;,s;,) = ^ A,Aj-(s» «) Sj) 

id 

and 

^ a,a; = (Ai + • • • + a,)(a; + • • • + a;,) = i, 

as required. 
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• H^^^^{X\Y, L) : Let || • H^l^^qu^t be the quotient norm of H°{X\Y, L) induced by 
the norm || • ||sup on H^{X, L) and the natural surjective homomorphism H''\X, L) 
H°{X\Y, L). Then Hl^^^{X\Y,T) is defined to be 

Hl,,,{X\Y,L) = {s e H\X\Y,L) \ M^^^^^t < !}■ 
This is obviously an assignment of arithmetic restricted linear series from X to Y . 

• -^s°ub(-^l^'^) '■ Let II • ||y,sup be the norm on H^{Y, L|^) given by ||s||f,sup = 
supj^gy(c) |s|(y). Let || • ll^p^,^^, be the sub-norm of H°{X\Y, L) induced by || • Hy.sup on 

L\y) and the natural injective homomorphism H°{X\Y, L) ^ H°{Y, L|y). Then 
H°^^{X\Y, L) is defined to be 

Hl^{X\Y.X) = {se H\X\Y,L) I ||.s||,X,, < l} . 
This is obviously an assignment of arithmetic restricted linear series from X to Y . 
Note that 

H^c^{X\Y.L) C Hl^^,{X\Y.L) C hI^{X\Y.L) 

for any continuous hermitian invertible sheaf L. An assignment L H^{X\Y, L) of 
arithmetic restricted linear series from X to F is said to be proper if, for each L G 
Pic(X, C"), there is a symmetric and bounded convex set A in H^{X\Y, L) (K) M such 
that H'^{X\Y,L + 0{\)) = i?0(X|r, L) n exp(A)A for all A € M. For example, the 
assignments L i-^ H'^^^^^{X\Y, L) and L ^ H'^^^{X\Y, L) are proper. 

Let us fix an assignment L i-^ H^{X\Y, L) of arithmetic restricted linear series from X 
to Y. Then we define the restricted arithmetic volume with respect to the assignment to be 

vol. {X\Y, L) hmsup -^77;- . 

m—'oo III / Ci 1 

Let us begin with the following proposition. 

Proposition 6.1. (1) IfL <y M, then #Hl^{X\Y,L) < #H^{X\Y,M). In partic- 
ular, toI. {X\Y,L) < toI. {X\Y,M). 
(2) We assume that the assignment L ^ H^{X\Y, L) is proper Then, for any L G 
V\c{X]C^) andfe C°{X), 

Q. (X|y,L + 0(/)) -TOl. {X\Y,L}\ < d'vol(XQ|yQ,LQ)||/||™p, 

where vo1(Xq|1q, Lq) is the algebraic restricted volume (cf. |3 |). 

Proof. (1) Let us choose < G i?0(X,M-L) with tly ^ 0. Then <|y G H^{X\Y,M-L) 
and 

(i|y) G H^{X\Y,M) 
for any s G H^{X\Y, L), which means that we have the injective map 

H°{X\Y,L)^ H°,iX\Y,M) 
given by s 1-^ s (g) (t|y). Thus (1) follows. 
(2) First let us see that 



(6.1.1) 



wl. {X\Y,L + 0{X)) - vol. {X\Y,T) < d'vol(XQ|yQ,LQ)|A|. 
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for any L e Vic{X\ C'^) and A G M. Without loss of generality, we may assume that 
A > 0. As the assignment is proper, for each m > 1, there is a symmetric and bounded 
convex set such that 

i?°(X|y,mI + 0(^)) = /f"(X|r, mL) nexp(^) A™ 

for all /i e K. Thus, by using Lemma [1.2.2l 

< log #H't{X\Y, m(L + 0(A))) - log i^H".{X\Y, ml) 

= log #(ffO(X|r, ml) n exp(mA)A™) - log #(i/"(X|r, L) n A™) 

< log([2exp(TOA)]) dimQ H^{X(^\Yq, mLq), 

which implies ( 16.1. It . 

For / G C^{X), if we set A = ||/||sup, then ^ < / < -^^ Thus the proposition follows 
from (IgXTT l. ■ 

The following theorem is the main result of this section. 
Theorem 6.2. (1) //I is Y-big, then 

-1 ^^\^rT\ V ^0S#H",{X\Y,mL) 
vo\,{X\Y,L)= hm J— . 

In particular, if L is Y-big, then vol, = n'^ vol, i) for all non- 

negative integers n. 

(2) If L and M are Y-big continuous hermitian invertible sheaves on X, then 

toI, (x|r,I + M)^ > toI, {x\y,l)^ +to1, (x|y,M)^ . 

(3) If L is Y-big, then, for any positive e, there is a positive integer uq ~ no{e) such 
that, for all n > no, 

. ^ log#(j^fc.„) ^ ^\,iX\Y,L) 
iimml T7--77 > e, 

where Kk^n is the convex lattice hull of 

Vk,n = {si «)•••«) Sfc I Si, s/c e H°{X\Y,nL)} 
inH^{X\Y,knL). 

Proof. Let Z. : Zq — Y Z) Zi D Z2 D ■ ■ ■ D Zd' be a good flag over a prime p on Y. 
(1) Let A be the closure of 

U -^z.(ff,O(X|r,mL)\{0}) 

^ TO 

m— 1 

in M'' . Then, by Proposition 15. 21 IS] Lemma 2.4] and 15] Proposition 2.1], 
vol(A) = lim *^zXH^.i^\y,n^L)\{0})^ 

m— i-cx2 777, 

By Corollary 12.31 there is a constant c depending only on L such that 

z.^. {H',{X\Y, mL) \ {0}) logp - ^ < log toI) 

logp 

<vzXH'i{X\Y,mL)\{Q})\ogp- 



\ogp 
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which implies that 

vol(A) logp 

Hence 



logp 



< liminf 



log#7?°(X|y,mL) 



< limsup 

m^oQ 



\og#H^iX\Y,mL) 



< vol(A) logp 



logp' 



log#g°(X|y,m£) . ^ log (X I y,mL) ^ 2c 
nm sup hm mf -r, < . 

m^oo m"- rrwoo logp 

Thus, as p goes to oo, we have 



lim sup 



log#g°(X|y,m£) ^ ^.^^ .^^ log#g."(X|y,mL) 



Moreover, we can see that 



(6.2.1) 



< 



cd'l 
logp' 



toI. {X\Y, L) - vol(A)d'! logp 
(2) Let A' and A" be the closure of 

oo oo 

y -vz. {H^,{X\Y, mM) \ {0}) and |J -vz. m(I + M)) \ {0}) 

m—l m—1 

inR'^'. Since 

i/z. ml) \ {0}) + i^z. {H°{X\Y, mM) \ {0}) 

= Wz. {s(E)s')\se H^{X\Y, ml) \ {0}, s' e mM) \ {0}} 

CvzXH'i{X\Y,m{L + M))\{0}), 
we have A + A' C A". Thus, by Brunn-Minkowski's theorem, 

vol(A")^ >vol(A + A')^ > vol(A)^ + vol(A')^. 

Note that ( 16.2.11 ) also holds for L and L + M with another constants c' and c". Hence, for 
a small positive number e, if p is a sufficiently large prime number, then 

wl. (X|r,I) - vol(A)d'! logp < e, 
toI. M) - vol(A')d'! logp < e and 

toI. (X|r,I+M) - vol(A")d'!logp <e 



(vol. {X\Y,'M)-eY , 



hold. Therefore, 

(wi. (x|r,I + M) +e)^ > (wi. (x|y,I) - 

as required. 

(3) Let c be a constant for Y and L\y as in Corollarv 12.31 We choose a good flag 
Z . : — Y Zi Z) Z2 Z) ■ ■ ■ Zd' over a prime p with c/(logp) < e/3. Let e' be a 
positive number with e' logp < e/3. By [5 , Proposition 3.1], there is a positive integer rig 
such that _ 

lim *ik^^mX\YnL)\m) ^ ^^^^^^ ^ 
fc^oo K n 
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for all n > no- Note that 

uiKk,n \ {0}) 3 k * :^{H^{X\Y,nL) \ {0}) 

and 

log#(Xfc,„) > #iy{Kk,n \ {0})logp- (e/3)fc'' n^' 
by Corollai-yOfor A: > 1. Thus 

log#(gfc,„) ^ #(fcH<;.(gO(X|y,nL)\{0}))logp _ 

which impUes that 

fe^oo fc"^ n k^oo k n 

> (vol(A) - e')logp- e/3 

> vol(A)logp- 2e/3. 

Moreover, by ( 16.2.11) . 

UAM ^ ^l,iX \Y,L) 
vol(A) logp > — - e/3. 

Thus we obtain (3). ■ 

In the remaining of this section, let us consider consequences of Theorem l6.2l 

Corollary 6.3. There is a unique continuous function 

:Bii^R(X;r)^R 

with the following properties: 

(1) vol',(X|y,i(I)) = TOl.(X|y,L) holdsforallL € Big(X;r). 

(2) ^l,{X\Y,\x) = X'^'w{,{X\Y,x) holds for all X <^ M>o andx € mg^^{X;Y). 

(3) toI', (X|y,x + ?/)^ > toI', +TOll(X|y,?;)^ holds for all x,y e 
Big^R(X;r). 

Proof. It follows from Theorem |6.2| Proposition ! 1 . 1 .5| and Corollary 1 1.3. 21 ■ 

Corollary 6.4. If the assignment L i— > L) is proper, then there is a unique 

continuous function 

TOC(X|y,-) :BiiK(X;y)^M 
with the following properties: 

(1) vol','(X|y,7r(a;')) = w\,{X\Y,x') holds for all x' e Big(gR(X;r). 

(2) Ax) = A'^'wll'(X|y, x) holds for all A G M>o and x e BigR(X; Y). 

(3) TOl','(X|y,a; + y)^ > toI'.' x)^ +m\i{X\Y,y)^ holds for all x,y G 

BiiK(X;n 

Proof. Let us begin with the following estimation. 

(6.4.1) (X|r,L + 0(/)) -toI'. {X\Y,L}\ < d'vol(XQ|yQ,LQ)|l/||sup. 

for any L e Big^R(X; F) and / e C'>{X) with I + 0{f ) G Biig^jiCX; F). By using 
the openness of Big^jj(X;y) and the continuity of vo\,{X\Y, —) on Big^j|(X;y), it 
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is sufficient to see (16.4.1b for L e BigQ(X;F). Thus L = {l/n)i{M) for some M e 
Big{X; Y) and n G Z>oj and hence, by Proposition |6.1| 



wll (X|y, (l/n)t(M + - toI'. (l/n)i(M)) 
= {1/nf toI. (X|r,M + 0(n/)) -toI. (x|y,M) 
= (l/n)'^'d'vol(XQ|yQ,MQ)||n/||,up = d'vol(XQ|rQ,LQ)|l/|l, 
Let us observe that there is a function 

such that the following diagram is commutative: 

. . ml',{X\Y,-) 

Big^R(X;y) 




vol. {X\Y-) 



BigK(X;y) 

Namely, we need to show that if tt{x') — ■^{y') for x\ y' e Bigg]g(X; Y), then 

^i{X\Y,x')^^i{X\Y,y'). 

As 7r(x') = 7r(2/'), there is z e N{X) such that = + z. We set z = 0{fi) ® 
ai + ■ ■ ■ + 0{fr) ® ttr with ai/i + • • • + a^/r = 0, where /i, . . . , G C"(X) and 
ai, . . . ,ar G M. Let us take a sequence {ai„}^]^ in Q such that = lim„^oo We 
set (j)n = ain/i H + arnfr- Then 



ll'/'nilsup = \\{ain - ai)/l H 1- (a™ - OrO/rllsup 

< \ain - flllll/lllsup 



a. 



rn 



/ r 1 1 sup ■ 



Thus lim. 
lim. 



«^oo iiv^niisup = 0. If we put Zn = (E" «!„ + • • • + 0{fr) (gi o™, then 

z„ ^ z in Prc«R(X; CO) and z„ = in PrcQ(X; C^). Thus, by (|6AB, 

TOl'. (X|y, X' + Zn) - TOl'. iX\Y, X') 

TOil (x|y, x' + o{(bn)) - TOil (x|y, x') 

< d' vol(XQ|yQ,a;Q)||(^„||sup 

for n ^ 1. Therefore, as n goes to oo, vol, (^|y, y') — vol, (^|y, x'). 

The properties (2) and (3) are obvious. The continuity of vol, (^|y, — ) follows from 
that vr is an open map. ■ 

7. Restricted volume for ample C°°-hermitian invertible sheaf 

In this section, let us consider the restricted volume for an ample C°°-hermitian invert- 
ible sheaf and observe several consequences. 
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Let II • II) be a normed Z-module, that is, M is a finitely generated Z-module and 
II • II is a norm of M ®i R. We assume that M is free. According as |10|, we define 
A(M, II • II) and A'(Af, || • ||) as follows: 



A(M, II • II) :=inf <^ A e 



there is a free basis ei , . . . , e„ of Af such that 

lle. ll < A for all i 



there are ei, . . . , e„ G A/ such that ei, . . . , e,^ 
form a basis over O and ||e,|| < A' for all i 



A'(Af, II • II) :=inf |A' e ]R>o 

By m Lemma 1.7] and lIOl (4.3.1)], it is known that 

(7.1) A'(Af, II • II) < A(A.f, II • II) < A'(Af, || • ||)rkAf. 

Let us begin with the following lemma. 

Lemma 7.2. Let X be a projective arithmetic variety, A an ample C°° -hermitian invertible 
sheaf on X and I an ideal sheaf of Ox- Then there are a positive integer uq and a positive 
number eQ with the following property: for all n > hq, we can find a free basis ei, . . . , cat 
of H^{X,nA ® T) as a 'L-module such that ||ei||sup ^ e""*^" for all i, where the norm 
II ■ 1 1 sup ofH^[X^ nA(^I) is the sub-norm induced by the inclusion map H^{X, nA®I) > 
H^{X, nA) and the sup norm of H^{X, nA). 

Proof. Since A is ample, there is a positive integer rii such that H'^{X, riiA) is generated 
by sections s with ||s||sup < 1, and that R = ^^^^ H'^{X,mniA) is generated by 
-ff°(X, niA). Let si, . . . ,Sr be non-zero generators of H^{X^ niA) with ||si||sup < 1- 
Since ®„>o H'^i^, nAi^ I) is finitely generated as a _R-module, we can find mi, . . . , iris 
such that nii G H'^{X, UiA /) and mi, . . . , ms generate ®„>q H'^{X, nA (g) /) as a 
_R-module. We set 

I e^^i = max{||si||sup, • ■ • , ||sr||sup}, 
le'^^ = max{||mi||sup, • ■ • , ||tos||sup}- 

As 1 1 Si 1 1 sup < 1 for i — 1, . . . , r, we have ci > 0. By our construction, H'^{X, nA (E) I) is 
generated by elements of the form Si"^ (g) • • • (g) s^'^ mi with ni(ki + ■ ■ ■ + kr) + at = n 
and {ki, . . . , kr) E {'L>qY . On the other hand, 

||S^ • • • mjsup < llsills^p • • • l|Sr||supl!"^.||sup 

< exp(-ci(fci H + kr) + C2) < cxp(-(ci/ni)n + C3), 

where C3 = maxi=i_....s{(ci/rti)ai + C2}, which means that 

\'{H'^{X,nA®I),\\ ■ llsup) <exp(-(ci/7ii)n + C3). 
Note that there is a positive number eg such that 

rk_ff"(X, nA) exp(— (ci/ni)n + C3) < exp(— epn) 
for n ^ 1. Thus the lemma follows from ( 17. It . ■ 

Theorem 7.3. Let X be a projective arithmetic variety and Y a d' -dimensional arithmetic 
subvariety of X. 

(1) If A is an ample C°°-hermitian invertible sheaf on X, then 

log#Imagc(7^0(X,mA) ^if°(X|y,mA)) ^ Q ^ , 

m—foc m" /d'l 
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(2) If X is generically smooth and A is an ample C°° -hermitian invertible sheaf on 
X, then 

TOlquot(X|y,3) = {ci{A\^ f) . 

Proof (1) First let us see 

log#Imagc(7?0(X,mA) ^ H°{X\Y,mA)) 



lim 

m — ^oo 



V0Vot(^|l^,^). 



m'^' /d'\ 

Let / be the defining ideal sheaf of Y . Let e be an arbitrary positive number such that 
j4 — 0(e) is ample. 

Claim 7.3.1. Hl^^^{X\Y,m(A -0{e))) C luY&ge{H° {X , mA) H^{X\Y,mA)) for 
m 3> 1. 



By Lemma 1221 there is a positive number eg such that, if m ^ 1, then we can 
find a free basis ei, . . . ,eAr of H'-\X,mA (g) /) such that ||ei||sup < e^'"™ for all i. 
We choose e^+i, . . . , ga/ S H°{X, mA) such that eAr+i|y , . . . , cmI^ form a free ba- 
sis of H^{X\Y,mA). Then ei,...,eM form a free basis of mA). Let s E 
H°^{X\Y,m(A - 0{e))). Then there is s' G £rO(X,mA) ® R such that s'|^ = s 



Snd II S 1 1 sup — II ^11 sup, quot 



< e-"". We set s' = J^ili c^Ci (q e M). Since 



S ly = ^ ^ CiBil-j 

we have CiElL for alH = + 1, . . . , M. Here we put 

N M 



Then s|y = s and 



N 



sup 



which means that, if m ^ 1, thens G mA). Therefore, s G Image(iJ°(X, mA) — > 

H°{X\Y,mA)). □ 

By the above claim, 

vd,uot(X|y,A-^(.)) < H,,,,flog#In.agc(H"(X,mA) ^ i^o^^,^,^^)) 



< lim sup 



m''7d'! 

log#Image(i?°(X,mA) -> iJ"(X|r, m,A)) 



< voVot(^|r,A). 



m''7d'! 

Hence the assertion follows because, by Proposition 16. II 

^\not{X\Y,A-0{e)) > ml^^otiX\Y,A) - d'e vo^XqIFq, Aq) 
and e is arbitrary small number. 
Next we observe 

lim log#Ii^agc(i70(X,mA) ^ ijO(X|y,mA)) 
m^oo m'^'/d'l 
Let us choose a sufficiently large integer hq with the following properties: 
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(a) H'^{X, no A) has a free basis S consisting of strictly small sections. 

(b) Sym"\H^{X, hqA)) H°{X, mnoA) is surjective for all m > 1. 

(c) H^{X, mriQA) H'^{Y, mnoAjy) is surjective for all to > 1. 

We set e^^ = max{||s||sup | s E S}. Then c > 0. Moreover, we put 

S,„ = {Sl «) • • • (g) Srn I Si, . . . , S„ e S}. 

Note that !]„ generates H'^{X, mnoA) as a Z-module and that ||s||sup < e^™"^ for all s £ 
S„i. Let rm be the rank of H^{Y^ TOnoAjy). Since { s\y \ s e Sm} gives rise to a gen- 
erator of H'^{Y, mnoAly), we can find si, . . . , Sr„^ € such that { si|y , . . . , Sr„^ |y} 
forms a basis of H'''(Y, mnQAly) ® Q- We put 

S,n - {(ai, . . ■,arj e Z''™ I < a, < e^™/r™}. 

Then the map S„i — > -^'^(5^, TOng^ly) given by 

(ai, . . . , a,-^J 1-^ ai si|y + • • • + a^^^ Sr„ |y 

is injective. Moreover, for (ai, . . . , a^^) € 5*™, 



1 



sup i—1 i—1 



Hence 

#lmage{H"{X,mnoA) ^ totiq^)) > #(5™) > {e^"'/r^Y"\ 

Thus the second assertion follows. 

(2) It is sufficient to show that volquot(-''^|i^, A) — vol(y, Let e be an arbitrary 

positive number such that A — 0{e) is ample. By (3) in Theorem 16. 21 there is a positive 
number ni such that if we set H'^{Y, ni{A — 0(e))) — {si, . . . , s/}, then 

m^oo rn n1 /d'\ 

where = {(ai, . . . ,a/) G (Z>o)' | ai H ha; = to}. Note that ||sj||sup < e""i^ for 

all i. By ifTOl Theorem 2.2], if to ^ 1, then, for any ai, . . . . a; e Z>o with ai + • • • + = 
TO, there is s(ai, . . . , a/) e H'^{X, ■mniA)^R such that s(ai, . . . , a/)|y. = s"^ • • - (gs"' 
and 

||s(ai, . . . , aOllsup < e™^||si||:^p • • • \\si\C^ < e-™("-i) < 1, 
which means that (g) • • • (g) G mniA). Therefore, 

CL({st^ (g • • • (g s;^' I (ai, . . . , aO G r„.}) C H°^,^{X\Y, mn{A). 

Hence 



vol(y, > voVot(^|>',v4) 
= lim 



log#i/0,„t(X|y,TOniA) 



log#CL(Ki (g.-.^s;" I (ai,...,aO G r„j) 



m^oo {mni)'^' / d'\ 

> liminf ri' i 
m^oo m'^ nf /d'l 

> wl{Y,A-0{€)\y) - e > A\y) - e{d'vo\{YQ,Aq) + 1), 



as required. 
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Corollary 7.4. Let L ^ H'~^{X\Y, L) be an assignment of arithmetic restricted linear 
series from X to Y. Then we have the following. 

(1) If X is generically smooth and A is an ample C'°°-hennitian invertible sheaf on 
X, then 

^\,{X\Y,A)^^\{Y,A\^). 

(2) If L is a Y-big continuous hennitian invertible sheaf on X, then 

^\,{X\Y,L) > 0. 

(3) Ifx £ Big^j^{X;Y), then ^\,{X\Y, x) > 0. 

Proof. (1) is a consequence of Theorem l7.3l 

(2) As L is y-big, there are a positive integer n and an ample C°°-hermitian invertible 
sheaf AonX such that nL >y A, so that, by (1) in Proposition l6. 1 l and (1) in Theorem l7.3l 

n'^'^\,{X\Y,L) = m\,{X\Y,nL) > m\,{X\Y,A) > 0. 

(3) If x S Big^jj(X; Y), there are positive numbers ai, . . . , and Li, . . . ,Lj. e 
Big(X; Y) such that x — Li (g) ai + ■ ■ ■ + Lr iS) ar- Hence, by (2) and Corollarv l6.3l 

vol,{X\Y,x)^ > vol,{X\Y,Li i^ai)^ H h vol,(X|y, (g) a^)^ 

> aiTOl.(X|r,Ii)i^ H \- ar^l,{X\Y,Lr)^ > 0. 
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